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Abstract 
In this work, we validated the superior accuracy of fractal-like kinetic models with 
respect to their classical counterparts in interpreting cadmium adsorption dynamics 
on both raw and beneficiated combustion fly ashes. Results showed that classical 
and fractal-like kinetic models produce comparable outputs only for low fractional 
degrees of adsorption; this was ascribed to a likely more homogeneous pollutant 
concentration in the particle outer shells. For longer adsorption times a less random 
pollutant intraparticle distribution should be responsible for a fractal-like behaviour. 
Microstructural characteristics of the different ash-based adsorbents have been used 
to explain the observed behaviour, and extensions to other cases have been proposed 
as well.  
 
Introduction 
Landfilling of coal combustion ash can be limited by finding alternative uses for this 
waste material. One option is represented by its reuse as adsorbent for the removal 
of pollutants from fluid streams [1–3]. The accurate description of the dynamic 
response of a fluid–solid adsorption unit requires adequate mathematical expressions 
for both adsorption equilibrium and kinetics, in order to establish the nature of 
pollutant–sorbent interactions and the capture mechanism. Many mathematical 
models have been developed to interpret kinetic adsorption data, and one class 
widely used in literature is based on compact formulas differing in the functional 
form adopted to express the dependence of the removal rate on the process driving 
force (such as pseudo-first and pseudo-second order or exponential kinetic model) 
[4]. Even if compact kinetic models have been applied to numerous adsorption 
systems due to their simplicity determining computational time-saving, it has been 
pointed out that they are able to provide an optimum data fitting only in specific time 
ranges [1,4,5]. All the aforementioned models assume time-invariant kinetic 
constants or transport properties. In this framework, Kopelman [6] was one of the 
pioneers in finding that classical reaction kinetics (constant kinetic parameters) is 
not applicable for heterogeneous diffusion-limited processes where the reactants are 
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spatially constrained by walls, phase boundaries or force fields such as in porous 
solids. Observations gathered from experiments and simulations performed for 
different processes occurring in geometric fractal-like media or onto surfaces 
exhibiting energetic heterogeneities demonstrated time-dependent rate coefficients 
(fractal-like kinetics) [6]. Recently, Haerifar and Azizian [5] introduced new 
physical concepts to explain the fractal-like behaviour for adsorption processes: in 
the case of homogeneous surfaces, the fractal dependency of the rate coefficient was 
ascribed to the progressive occupation of the adsorption sites via slower pathways 
available for the adsorbate, whereas for heterogeneous sorbents the decrease of the 
kinetic parameter with time was related to the adsorption onto sites characterized by 
greater activation energies. There is still big challenging in establishing a link 
between the time dependence of rate coefficients and the adsorbent textural 
properties, which in turn could allow either a more accurate sizing of a dynamic 
adsorption unit and a more systematic selection of the sorbent microstructural 
features more apt to remove a specific pollutant from contaminated effluents. In this 
paper, we propose the validation of the fractal approach for the description of 
cadmium adsorption onto coal combustion fly ashes both raw and beneficiated (by 
means of mechanical sieving and CO2/steam gasification). In particular, the results 
obtained from pseudo-first, pseudo-second order and exponential kinetic models in 
their classical and fractal-like forms were compared and analysed in the light of the 
sorbents granulometric and porosimetric properties. Experimental adsorption data 
and solid characterization results of reference for the modelling analysis and 
interpretation can be retrieved in recent papers published by this research group [1–
3]. In a nutshell, the raw material employed for the adsorption experiments was a 
coal combustion fly ash (CCA), and starting from it three other sorbents were 
obtained by different beneficiation treatments: fly ash finer than 25 µm (sample F25) 
derived from mechanical sieving of the parent substrate, and fly ash gasified at 
850°C for 10 min with either CO2 (dry gasification) and steam (samples DG10 and 
SG10, respectively). Cadmium adsorption kinetic tests were carried out alternatively 
onto CCA, F25, DG10 and SG10 at room temperature and in batch mode for 
different times t.  
 
Kinetic data mathematical modelling – Fractal approach 
The reference experimental parameter is the degree of surface coverage Q(t), defined 
as the ratio between the specific adsorption capacity at time t and the same value at 
the equilibrium (defined as qeq and expressed as mg of cadmium adsorbed per g of 
sorbent). The starting kinetic equations are those following the pseudo-first order 
(PFO), pseudo-second order (PSO) and exponential (EXP) approach: 
                                        Θ 𝑡 = 1 − 𝑒𝑥𝑝 −𝑘*+,𝑡      (1) 
                                               Θ 𝑡 = -./01234

56-./01234
     (2) 

                                   Θ 𝑡 = 𝑙𝑛 2.72 − 1.72𝑒𝑥𝑝 − -<=.
123

𝑡     (3) 
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regulated by the three kinetic constant kPFO [min–1], kPSO [g mg–1 min–1] and kEXP [mg 
g–1 min–1], respectively. The time invariance of the kinetic constants in classical 
models applies for systems in which convective or diffusive stirring determine a 
random uniformly distribution of the reactants, whereas in processes exhibiting a 
fractal-like behaviour segregation and self-ordering phenomena occur. The 
following equation was derived to express the fractal rate coefficients exhibiting 
temporal “memories” [6]: 
                                        𝑘+ 𝑡 = 𝑘>𝑡?@						ℎ ∈ 0,1 					𝑡 ≥ 1      (4) 
where k’ is a constant and h is a heterogeneity parameter (fractal exponent). In the 
limiting case h=0, one recovers the classical kinetic formulation (kF=k’, time-
independent rate coefficient), valid for motion in locally homogeneous 
environments. The assumption of a fractal dependence for the adsorption rate 
coefficient according to Eq. (4) allows obtaining the following integrated rate laws 
for the fractal-like pseudo-first order (FPFO, Eq. (5)), fractal-like pseudo-second 
order (FPSO, Eq. (6)) and fractal-like exponential (FEXP, Eq. (7)) models [5]: 

                                           Θ 𝑡 = 1 − 𝑒𝑥𝑝 − -G.G0
H

5?@
𝑡 5?@     (5)  

                                                Θ 𝑡 = -G./0
H 1234 IJK

5?@ 6-G./0
H 1234 IJK     (6) 

                                   Θ 𝑡 = 𝑙𝑛 2.72 − 1.72𝑒𝑥𝑝 − -G<=.
H

123 5?@
𝑡 5?@                  (7) 

Modelling and comparison with experimental results has been carried out by letting 
the kinetic constants and the fractal exponent as fitting parameters.  
 
Results – Comparison between canonical and fractal-like kinetic models 
Table 1 reports the main kinetic parameters derived from mathematical modelling of 
cadmium adsorption data onto the investigated adsorbents. When the classical 
kinetic expressions are taken into account, PSO model provides more accurate data 
fittings with respect to both PFO and EXP models, as testified by its lower values of 
the error functions computed for each analyzed liquid–solid system (ARED and 
HYBRID values not reported for brevity). For PSO model, kPSO turns out to be on 
the order of 10–4–10–3 g mg–1 min–1 depending on the sorbent. On the other hand, 
each fractal kinetic model determines a more reliable adsorption dynamic prediction 
when compared to its classical formulation as confirmed by the lower values of the 
HYBRID function. Among fractal-like kinetics, the FPFO appears the most adequate 
model to describe cadmium adsorption in almost all the investigated cases. For FPFO 
model k’FPFO turns out to be on the order of 10–3–10–2 min–(1–h), with h=0.27–0.66 
depending on the sorbent. In order to get a deeper insight into differences in the 
adsorption dynamic interpretations determined by classical and fractal-like kinetics, 
best data fittings obtained from each class of models, namely PSO and FPFO, are 
depicted in Figure 1 for F25 (other sorbents not reported for brevity). Outcomes 
clearly demonstrate that both the PSO and FPFO models produce overlapping 
dynamic patterns up to Q(t) approximately equal to 0.5 for F25, DG10 and SG10 
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sorbents (up to 0.3 for CCA), whereas for Q(t) falling in the range 0.5–0.9 (0.3–0.8 
for CCA) the classical model generally overestimates the experimental data. These 
evidences could be explained considering that for low adsorption times (namely 
t<480 min) cadmium capture mainly occurs both on the external surface and in the 
adsorbent particle outer shells, and consequently the hypothesis of a uniform 
pollutant concentration seems to be reasonable thus making both classical and 
fractal-like models apt to describe the adsorption process. On the contrary, for longer 
test times a less random pollutant intraparticle distribution, produced by its diffusion 
in the inner pore network with a radially heterogeneous distribution of blind and 
open spaces, should be responsible for a fractal-like behaviour. Considerations 
hitherto developed confirm that, for processes in which the intraparticle diffusion 
represents the rate-limiting step, a more realistic description of the phenomenon can 
be attained by including a time-dependent rate coefficient in the kinetic models. 
 
Discussion – Relationships between fractal-like kinetic patterns and sorbents 
microstructural properties 
A comparison of the time-dependent fractal PFO rate coefficients derived for the 
tested materials (kFPFO=k’FPFO t–h) is displayed in Figure 2. Results clearly show that 
the initial values of kFPFO (t=1 min) are comparable for F25, DG10 and SG10 (order 
10–2 min–1), and one order of magnitude greater than the value obtained for CCA. 
This ranking still holds in the first 10 min test and the rate coefficient is 2.5 times 
larger for the activated fly ashes with respect to the parent CCA sorbent for t=100 
min, while the differences significantly reduce thereafter. Theoretical kinetic profiles 
are in good agreement with the faster equilibrium approach experimentally observed 
at 4 d for beneficiated materials, while for CCA the saturation time was about 6 d. 
In [1,2] we showed that the equilibrium data of cadmium removal, obtained under 
the same temperature and pH conditions of those investigated for kinetic tests, are 
well interpreted by Langmuir isotherm, thus suggesting energetically homogeneous 
surfaces for the fly ashes. Ergo the reduction of the rate coefficients with time, as 
displayed in Figure 2, can be related to the gradual occurrence of longer distances 
the pollutant needs to cover to reach the adsorption sites (e.g. diffusion through the 
already adsorbed layer), rather than due to the occupation of sites with increasing 
energetic barriers. In this context the already discussed kFPFO vs. time patterns 
suggest that, at each adsorption time, faster diffusion paths (greater values of the rate 
coefficient) are available for adsorption onto beneficiated sorbents with respect to 
the raw fly ash. On the basis of the sorbents granulometric and porosimetric 
properties published in previous works, the following factors could be invoked as 
crucial in determining quicker adsorption pathways for F25, DG10 and SG10 with 
respect to CCA: i) the reduction in the mean particle diameter induced by both 
mechanical sieving and CO2/steam gasification, that produces shorter distances 
(along the particle radial coordinate) to be crossed for the occupation of the sorbent 
active sites; ii) the porosity increase which can be ascribed to both pore widening 
(easier accessibility to the pore network) and to the increment of the total pores 
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number available for metallic ion capture (greater number of available pathways for 
the pollutant). Furthermore the more heterogeneous porous structure obtained for 
activated samples, apart from producing faster adsorption pathways, should be also 
responsible for a less uniform intraparticle pollutant distribution. This translates into 
higher h values (motion in locally heterogeneous environments) for F25, DG10 and 
SG10 with respect to CCA (see Table 1). The h parameter determines the decay rate 
of kFPFO in Figure 2 and the higher its value the more fractal behaviour can be 
inferred.  
 

Table 1. Kinetic parameters from canonical and fractal-like kinetic models. 
 CCA 

sorbent 
F25 
sorbent 

DG10 
sorbent 

SG10 
sorbent 

PFO     
kPFO [min–1] 0.0005 0.0015 0.0026 0.0019 
PSO (best canonical)     
kPSO [g mg–1 min–1] 0.0005 0.0007 0.0017 0.0012 
EXP     
kEXP [mg g–1 min–1] 0.00068 0.00342 0.00326 0.00213 
     
FPFO (best fractal)     
k’FPFO [min–(1–h)] 0.0028 0.0171 0.0435 0.0230 
h [–] 0.2694 0.4908 0.6574 0.5598 
FPSO     
k’FPSO [g mg–1 min–(1–h)] 0.0005 0.0021 0.0138 0.0059 
h [–] 0 0.2295 0.4758 0.3374 
FEXP     
k’FEXP [mg g–1 min–(1–h)] 0.00144 0.03010 0.07200 0.03200 
h [–] 0.1059 0.3746 0.5675 0.4916 

 
Possible extension of the fractal approach to other cases 
The fractal approach can be also applied, by keeping the adsorption system, to the 
case for which the Vermeulen kinetic model is considered. If we propose the 
following fractal-like time dependence for the intraparticle diffusivity 𝐷+ 𝑡 : 
                                         𝐷+ 𝑡 = 𝐷>𝑡?@						ℎ ∈ 0,1 					𝑡 ≥ 1      (8) 
the novel fractal-like formulation of the Vermeulen equation can be obtained, where 
dS is the mean particle diameter: 

                                             Θ 𝑡 = 1 − 𝑒𝑥𝑝 − MNOPH

Q/
O 𝑡 5?@     (9) 

Results, not reported here for brevity, show the superior fitting accuracy of the 
fractal-like equation with respect to its canonical formulation. Again, it is possible 
to relate the greater degree of porosimetric heterogeneity determined by the ash 
treatments to a more marked time dependence of the intraparticle diffusivity. 
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Figure 1 (left). Comparison between experimental data (symbols) and best-fitting 

classical (PSO) and fractal-like (FPFO) kinetic models (lines) for cadmium 
adsorption onto F25 sorbent. Figure 2 (right). Time evolution of the fractal 

pseudo-first order instantaneous rate coefficient for cadmium adsorption onto the 
investigated sorbents (semi-log scale). 

 
Finally, we recently [7] applied the approach to a single particle model of lime 
sulphation with a fractal formulation of product layer diffusivity (i.e. solid state ions 
diffusion) upon fluidised bed combustion with in situ desulphurisation, with 
satisfying results. In particular, in that paper a parameter of structural order x was 
defined and expressed as a function of h and t. In the light of the present paper, x can 
be regarded as a degree of evolution of the effective diffusive space dependent on 
the occupation of active sites by adsorbate molecules formerly present in the generic 
fluid phase. The interaction between already- and not yet-adsorbed molecules could 
be invoked to explain the diffusivity alteration as a function of the process time, an 
aspect taken into account by introducing a fractal-like time dependence for the 
intraparticle diffusivity.     
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