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Abstract 
This paper reports on studies of the instability of lean hydrogen/air laminar premixed flames 
with the equivalence ratio of 0.6. Two intrinsic instability mechanisms are involved in the 
flames, hydrodynamic instability and thermal-diffusive instability. Numerical simulations 
employing detailed chemical kinetics and transport properties are carried out to simulate the 
initial linear growth of instability as well as the nonlinear evolution of flame instability under 
two different pressures, 5 atm and 25 atm. A small perturbation of sine wave with a 
prescribed wavelength and small amplitude is first placed on the initial planar laminar flame 
front. Then, the evolution of the sine wave shaped flame front is simulated. Chaotic flame 
fronts are captured whose nonlinear evolution is shown to be very sensitive to initial 
perturbations. In the initial linear growth stage, the amplitude of the initial sine wave flame 
front grows exponentially. Later on, the flame front develops into wrinkling surface with 
different wavelengths and amplitudes. Preference of cellular flame cells with even or odd 
modes has been observed which is keen on initial perturbation with small wave numbers. 
With smaller even number of waves in the initial perturbation of the flame front, e.g. six 
waves, the even wave modes are amplified and odd wave modes are suppressed; whereas, 
with bigger number of initial waves, e.g. eleven waves, the even and odd wave modes can 
compete fairly with each other. After a long time, the long wavelength mode dominates. In 
high-pressure flames, the flames are thinner, both of hydrodynamic and thermal-diffusive 
instability are enhanced, and the flame fronts are more chaotic.  
 
Introduction 
Intrinsic flame instability is a phenomenon frequently seen in laminar flames [1-6], e.g. in 
flames with non-unity Lewis numbers. It has implication in engineering applications, e.g. 
safety in nuclear power plants [1]. There are several mechanisms of intrinsic flame instability: 
the hydrodynamic instability (also known as Landau-Darrieus (LD) instability) induced by 
thermal expansion from exothermal reactions [2, 3], thermal-diffusive (TD) instability owing 
to differential diffusion between thermal diffusion and mass diffusion [4, 5], and Rayleigh-
Taylor instability (with a larger scale) due to buoyancy force. Without considering turbulence 
and body force, hydrodynamic instability and thermal-diffusive instability result in multi-
dimensional unstable cellular shaped flames frequently. These have been observed in the 
experiments and have been reviewed by several researchers [7-11]. 

Formation of cellular flame from an initial planar flame has been studied theoretically. 
Usually a dispersion relation is found from linear stability analysis, which states the influence 
of parameters contained in models on stability at the linear stage of flame evolution. 
Considering both instabilities, hydrodynamic and thermal-diffusive, the analyses based on 
asymptotic linear stability theories assuming high activation energy have been performed [12-
16]. Recently, finite activation energy linear stability analyses have been carried out [17-19], 
which provide conditions closer to reality. Beyond the onset of instability, linear stability 
theories fail to simulate the flame front evolution. Weakly nonlinear flame front evolution 
theories with asymptotic limits of high activation energy have been developed by Sivashinsky 
et al., e.g. Kuramoto–Sivashinsky (KS) equation containing purely thermal-diffsive nature, 



Michelson–Sivashinsky (MS) equation accommodating purely hydrodynamic instability, and 
for a mixed problem, a third equation which combined by the KS and MS equations [20]. 
These equations are solved using numerical methods to study the nonlinear evolution of flame 
[21-23]. MS equation has been extended to higher order models [24, 25]. 

Numerical simulations of the nonlinear evolution of flame have been carried out by 
solving full Navier-Stokes (NS) equations for either compressible flows [26-29] with one- or 
two-step reaction chemistry models, or incompressible flows [30-32] with detailed chemistry 
model, in order to capture cellular instability more accurately, and to examine and develop 
linear and nonlinear theoretical models. The approach is used in this work. 

Complex flame dynamics is invoked by hydrodynamic instability, damped or enhanced by 
thermal-diffusive instability whose key parameter is the effective Lewis number, or 
equivalently, effective Markstein number [11]. For premixed mixture of subunity Lewis 
number, e.g. H2/air, detailed numerical simulations performed with one- or two-step reaction 
chemistry models [26-29] have shown very intense nonlinear behaviors of flames including 
cell-merging and splitting, symmetry breaking bifurcation, local quenching and cell lateral 
movement. 

Only a few numerical simulations have been performed with detailed chemistry 
mechanisms and transport properties with subunity Lewis number [32-34], where Soret effect 
[33] and turbulence effect [34] are studied. Altantzis et al. [32] used low Mach number code 
with spectral element method and Li’s detailed H2 chemistry [35] model to simulate 2D 
planar lean premixed H2/air flames. They reported the results of linear instability, the 
influence of width of computational domain on the nonlinear flame front evolution, and the 
behavior of flame front in a wide domain. The results show that TD instability is increased 
with larger domain width. 

In this work, we investigate the nonlinear evolution of 2D planar lean H2/air premixed 
flame in a wide region which can correctly predict multicell interaction, validated by Yuan et 
al. [26]. This is motivated by the fact that systematic and general interpretation has not 
established yet in the nonlinear evolutions of flame fronts with coupling LD instability and 
TD instability. In addition, we consider the long time evolution of flame front at the condition 
of high pressure. 

The content of this paper is as follows: Firstly, the computational setup is presented. The 
simulation case is similar to the one of large computational domain [32]. Results are analyzed 
and compared with the previous results of [32]; then high pressure case is simulated and 
pressure dependence is investigated; finally, dependence of flame instability on the initial 
perturbation is studied. 
 
Numerical methods 
Laminar lean hydrogen/air premixed flame propagation in a two-dimensional domain is 
considered. The flow speed is low and essentially it can be assumed as low Mach number 
flow. The physical pressure can be decomposed into two parts, one thermodynamic pressure 
that is uniform throughout the cylinder and one hydrodynamic pressure that appears in the 
momentum equation. The mixture considered is in gas phase, without body force, and with 
negligible thermal radiation. The governing equations are made up of the transport equations 
of species mass fraction and energy, the Navier-Stokes equations, and the continuity equation, 
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where ρ  is density; kY  is mass fraction of species k; ui is the velocity component in the xi-
direction; Vk,i is the diffusion velocity of species k in the xi-direction; kω  is the net formation 
rate of species k; p is the hydrodynamic pressure; P is the thermodynamics pressure; ijτ  is the 
component of viscous stress tensor; hk is the specific enthalpy of species k; Cp,k is the specific 
heat capacity of species k at constant pressure; T is temperature; λ  is thermal diffusivity; Wk 
is the molecular weight of species k. DT/Dt denotes the material derivative of temperature.  

The continuity equation is deliberately written in terms of the material derivative of 
density, which then make use of the equation of state (4) to link the continuity equation with 
the species transport equation (1) and the energy transport equation (3). In this way, robust 
numerical stability can be achieved when high density gradients exist in the flow field [36]. 

The fractional step method [36] is used in the numerical solution of the above governing 
equations. Based on the operator split method the numerical integration of species and energy 
equations are performed in two steps, first a reacting step where chemical reaction rates and 
heat release rates are integrated using a stiffness solver with detailed chemistry, and then an 
advection-diffusion step where advection and molecular diffusion terms are integrated. In this 
method most variables can be computed explicitly or semi-explicitly except the 
hydrodynamic pressure, which is obtained from solution of a variable coefficient Poisson 
equation derived from the momentum equations and the continuity equation. The pressure 
equation is solved using a multi-grid method [37, 38]. The solver is parallelized based on 
domain decomposition.  

The spatial derivatives in the governing equations are discretized using 6th order central 
difference scheme. The advection terms in the species transport and energy transport 
equations are discretized using a 5th order WENO scheme [39] to avoid wiggles in species 
mass fractions that can lead to unphysical solution. The time integration is done using 1st 
order Euler explicit scheme. Variable time stepping size is determined by satisfying both 
advection and diffusion stability limits. More details of the solver and numerical methods can 
be found in [40]. 

 
Computational cases, initial and boundary conditions 
The computation is carried out in a two-dimensional rectangular domain, with a size of 160δL 

and 80δL along respectively streamwise (x-direction) and laterally (y-direction), where δL is 
the thickness of laminar unstretched planar flame under the corresponding condition. Table 1 
lists the initial condition of the mixture and the computational parameters. Two cases are 
studied, one with a 5 atm pressure and one with an elevated pressure of 25 atm. In both cases 
the equivalence ratio is set to 0.6, and temperature of the unburned mixture 298 K. The 
chemical kinetic mechanism for H2/air mixture is the H2 subset of the Peters’ mechanism 
[41], which contains 9 species and 19 reactions. Based on this mechanism and the present 
numerical method a one dimensional unstretched planar flame calculation is performed under 
the conditions of case A and B to determine the reference laminar flame thickness and laminar 
flame speed (SL). The laminar flame thickness is defined based on the maximum gradient of 
temperature profile, 
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where Tb and Tu are the temperatures of the combustion products and unburned mixture 
respectively. The results are given in Table 1. Case B with higher pressure has a thinner flame 
and slower flame speed than case A.  

A uniform grid with a mesh size (h) one eighth of δL is employed. Periodic condition is 
adopted at the lateral boundaries. The streamwise flow velocity at the upstream boundary is 
set to the flame speed; at downstream boundary a zero gradient of dependent variables is used 
as the outflow condition. Some authors used symmetric conditions in the lateral boundaries, 
as was shown to prohibit cells to move in the lateral direction [28, 29]. 
 

Table 1.  Initial condition and computational cases 
Cases φ T0 [K] P0 [atm] SL [m/s]  δL [μm] h/ δL  grids 

A 0.6 298 5 0.395 86 1/8 1280×640 
B 0.6 298 25 0.073 66 1/8 1280×640 

 
As the initial condition, a planar flame from the corresponding 1D flame simulation is 

placed in the middle of the domain. An infinitesimal sinusoidal disturbance sin(2 )A ny Lπ  is 
made at the flame front in transverse (y) direction, where A is the amplitude and n is the wave 
number of sinusoidal disturbance. In the present study A is set to 0.1δL and n is set to 6 or 11 
to examine the sensitivity of flame instability to the initial disturbance.   
 
Case A: lean H2/air flame at 5 atm 
Figure 1 shows instantaneous field of OH mass fraction and temperature at five critical 
instances of time. Six waves have been placed at the initial flame front. The time has been 
non-dimensionalized by δL/SL, which is the characteristic time of the corresponding laminar 
planar flame. Figure 2 shows the flame front in the earlier evolution stage. The flame front is 
defined as the iso-contour with the value where the gradient of temperature is at its maximum 
in corresponding 1D flame. As seen in Fig.1a and Fig.2, the initial perturbation at the flame 
front grows exponentially until t*=tSL/δL=4. The flame front changes to a cellular shape as it 
evolves. The leading front protruding to the unburned side remains smooth (low positive 
curvature) with higher temperature and higher OH mass fraction, whereas the trailing edge of 
the flame front becomes nearly cusp-shape (high negative curvature) with lower temperature 
and lower OH mass fraction. This is owing to the well-known thermal-diffusive instability of 
lean hydrogen/air flame: at the leading front the equivalence ratio becomes higher due to 
faster diffusion of hydrogen as compared to other species and heat; at the trailing edge the 
equivalence ratio is lower due to the clustering and subsequent consumption of hydrogen at 
the leading front.   

Until t*=4, the wavelength of the wrinkled flame front remains essentially the same as 
that at the initial disturbance, i.e. six waves shown in Figs.1a and 2a. This period is often 
referred to as linear growth period. Thereafter, some flame front cells tend to merge together 
to form a larger cell, and at the same time some cells split to smaller ones, cf. Figs.1b-1d. To 
analyze the length scales of the cells a Fourier analysis of the flame front function x=f(y) is 
made. The wavelengths λk=L/k (k=1, 2, 3 …) and its associated amplitude Ak are identified, 
where k is the wave number associated with the wavelength λk (in a conventional sense, k/L is 
the wave number), which would be the number of waves within the lateral direction of the 
computational domain if the wave had a single wavelength λk. As seen in Fig.2b, after t*=3 
cells with k=10 (k10) start to grow, indicating splitting of the k6 cells to smaller cells. After 



t*=4, the larger cells with k=4 (k4) start to grow, owing to merging of the k6 cells to larger 
ones. In the period of 4<t*<5, the amplitude of original k6 cells decreases due to splitting of 
the cells to smaller ones and merging to larger cells.  
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Figure 1. Instantaneous field of OH mass fraction and temperature showing five critical 
instances of time for case A. (a) at the end of the linear growth stage, (b) at the instance that 
larger cells with k=2 become dominant, (c) at the instance that cells with odd wave number 
appear, (d) at the instance that cells with odd wave number start to grow rapidly. 
 

 
   y       t* 
Figure 2. (a) Evolution of the flame front at the linear growth period, (b) amplitude of the 
flame front cells at different wave numbers as a function of time. The initial pressure is 5 atm; 
the initial disturbance at the flame front has a wave number of 6. 
 



Figure 3 shows the splitting and merging of cells during a longer period of time t*<53. It 
is interesting to note that the odd wave number cells do not appear until t*=25, whereas the 
even wave number cells appear much earlier. The amplitude of the larger cells (k=1, k=2) 
grows quickly initially. At t*=14, the k2 cells (k=2) overtake the k4 cells to become the 
largest, cf. Fig.1b. After t*=20 the even wave number cells appear to be in statistical quasi 
stationary, in the sense that the cell amplitudes oscillate around their corresponding mean 
ones. The mean amplitudes are smaller for cells with larger wave numbers. The odd wave 
number cells have a similar behavior as the even wave number cells, although there is a delay 
in time for the cells to become statistical stationary. Of particular interest is the rapid growth 
of k1 cells after t*=46. Several authors [26, 32] reported that after long time evolution the k1 
cells become dominant. The long wavelength cells are formed due to hydrodynamic 
instability whereas the small wavelength cells are owing to thermal-diffusive instability [1]. 
 

  
t*       t* 

Figure 3. Amplitude of the flame front cells at different wave numbers as a function of time. 
The initial pressure is 5 atm; the initial disturbance at the flame front has a wave number of 6. 
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Figure 4. Amplitude of the flame front cells at different wave numbers as a function of time. 
The initial pressure is 5 atm; the initial disturbance at the flame front has a wave number of 
11. 
 

To examine the sensitivity of flame instability to the initial disturbance, the simulation is 
carried out with the initial disturbance at the flame front having a wave number of 11. The 
amplitude of the initial disturbance is the same as the cases discussed earlier. It appears that 
both the odd number of cells and even number of cells are triggered at t*=10. For t*<10 only 
the initial cells grow in amplitude. Altantzis et al. [32] reported a similar simulation using a 
different initial disturbance at the flame front. They showed that with 12 waves in the initial 
disturbance, all cells with different wave numbers were triggered at later time. The k1 cells 
grew faster, and became the dominant ones after about t*=25. It appears that the suppression 
of certain modes at the initial stage is significant only when the initial cells have long 
wavelengths.  



Figure 5a shows further the volume integrated heat release rate in the entire computational 
domain for case A. The heat release rate is normalized by the heat release rate of the initial 
planar flame. It is clear that global heat release rate increases as the amplitude of cells at the 
flame front increases and as more cells are formed. During 4<t*<30, the heat release rate 
simulated using 6 waves at the initial disturbance approaches a quasi statistical stationary 
state, which corresponds to the quasi stationary behavior of k4, k6, k8 and k10 modes, cf. 
Fig.3b. It should be pointed out that the high wave number modes contribute more to the total 
heat release rate, whereas large wavelength modes, e.g. k2, contribute less. For t*>30, heat 
release rate increases further due to the onset of odd wave number cells. 

The effect of initial disturbance on the heat release rate can be seen in Fig.5a. There is 
considerable difference in the heat release rate for t*<40, due to the difference in the 
evolution of odd and even wave number cells. After all modes approaching their statistical 
stationary states, the total heat release rate is not sensitive to the initial disturbance in the 
statistical sense. 
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Figure 5. Total heat release rate (volume integrated in the entire domain) as a function of 
time. (a) case A, (b) case B. The heat release rate for each is normalized by its corresponding 
one in the planar flames. 
 
Case B: lean H2/air flame at 25 atm 
At high pressures the flames are thinner, and as a result both the hydrodynamic instability and 
thermal-diffusive instability are enhanced. Figure 6 shows that the instantaneous distribution 
of OH mass fraction and temperature at several critical instances of time for the high pressure 
flame (case B). Figure 7 shows the amplitude of the different Fourier modes of the flame 
fronts. Similar to the 5 atm case (case A), there is a linear growth stage for case B until t*=2. 
Compared to case A, the linear growth breaks down at a much short time. It is seen that at 
t*=2, cells with wave numbers of k=2, 4, 8, 10 start to evolve, in addition to the cells of k=6. 
Similar to case A, the even wave number cells are triggered earlier than the odd wave number 
cells for the initial disturbance with k=6. 

It is worth noting that at high pressure condition, case B, the small wavelength cells are 
more significant than the low pressure case, case A. This results in a higher global heat 
release rate (Fig.5b) due to the increased flame surface area, resulted from wrinkling of the 
small scales. It indicates that at high pressure the thermal-diffusive instability is enhanced. 

One can also note that in the high pressure flames (case B) the flame front is significantly 
asymmetric. The fronts of the cells are inclined upwards, and there is a motion of the cells on 
the transverse direction. Lateral motion of cellular cells has been observed previously, e.g. 
[26], which is due to the higher degree of thermal-diffusive instability.  

Figure 8 shows the correlation between the local heat release rate (HRR, normalized by 
the heat release rate of the corresponding laminar planar flame) and local flame curvature (K, 
normalized by the inverse of δL), correlation between the density-weighted displacement 
speed of the flame front (Sdw, normalized by SL) and K, and correlation between the normal  
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Figure 6. Instantaneous field of OH mass fraction and temperature showing five critical 
instances of time for case B. (a) at the end of the linear growth stage, (b) at the instance that 
odd number of wave cells appear, (c) at the instance that the amplitude of k2 cells become the 
largest, (d) at the instance that cells with odd wave number grow rapidly. 
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Figure 7. Amplitude of the flame front cells at different wave numbers as a function of time. 
The initial pressure is 25 atm and initial wave number is 6. 
 
absolute velocity of the flame front (Sa, normalized by SL) and K. The definition of K, Sdw, 
and Sa are taken from Ref. [32]. In general, there is insignificant correlation between HRR 
and K, e.g., at K close to zero, where HRR varies greatly from zero to large values. For the 
low pressure flames (case A) there is certain correlation between Sdw and K; with larger 



negative curvature, Sdw is larger. For the high pressure flames (case B), all correlations are 
insignificant. 
 

 

 

 
(a) 5 atm       (b) 25 atm 

Figure 8. Scattering of heat release rate, density-weighted displacement speed and absolute 
normal flame speed as functions of curvature for (a), 20<t*<53, case A, and (b) 8.5<t*<12.95, 
case B.  
 
Summary 
In this paper numerical simulations based on a detailed chemical kinetic mechanism and 
transport properties are carried out to study the linear and nonlinear evolution of a lean H2/air 
premixed flames of equivalence ratio of 0.6 and pressure of 5 atm and 25 atm. The flames 
exhibit hydrodynamic and thermal-diffusive instabilities. It is found that evolution of flame 
instability in the earlier stage is rather sensitive to the initial disturbance when the length 
scales of the initial disturbance are not small enough. After a long time, however, when the 
nonlinear instability develops sufficiently, the flame front cells are shown to be in a statistical 
quasi stationary state. The magnitudes of the cells at different wavelengths oscillate around a 
statistical mean value. The mean magnitudes of longer wavelength cells are higher than the 
corresponding ones of the smaller wavelength cells. At the high pressure condition, the flame 
becomes thinner and both the thermal-diffusive instability and hydrodynamic instability are 
enhanced. There are more significant small wavelength cells formed in high pressure flames, 
leading to a higher global heat release rate due to the increased flame surface area. At low 
pressure conditions, there is certain correlation between the displacement speed of the flame 



front and the local flame front curvature. At high pressure conditions, such correlation 
becomes less significant. 
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